COUPLING TO CONTINUUM
No system in nature is truly isolated, while there are plenty of examples where this approximation is exceptionally good, in this work we discuss situations where coupling to the continuum of reaction states is strong and cannot be ignored. The decaying nucleus is a prime target of our investigation. The presence of open decay channels leads to a restructuring of the many-body states, separating them into two classes: broad short-lived states, known as superradiant, and long-lived, trapped states, that become nearly decoupled from the continuum. This phenomenon of superradiance has been discussed by many authors, the efforts are summarized in the recent review [1] . While the phenomenon is well known, in the physics of nuclei it remains elusive; our inability to tune the continuum coupling, short lifetimes of states of interest, elaborate experimental tools required for this research, and the general complexity of the many-body physics make it difficult to unambiguously pinpoint the superradiance. Nevertheless, experimental advances towards exotic nuclei far from the valley of stability motivate the quest for superradiance in nuclei.
The Feshbach projection formalism [2, 3] appears to provide the most straightforward theoretical strategy for exploration of this phenomenon [1] . Under this formalism a full Hilbert space is divided into two subspaces, an intrinsic or internal subspace Q that describes the isolated system, while the remaining continuum of external reaction states belongs to the second subspace P. The full problem can be exactly projected leading to the energy-dependent non-Hermitian effective Hamiltonian H (E),
Here, H QQ acts only in the intrinsic space Q, the operator H PP connects only states in the external P space, and H QP is the coupling between the intrinsic and external spaces. The effective Hamiltonian operator (1) belongs to the intrinsic space and describes the evolution of states in the projected space. Therefore, the matrix elements of the transition matrix between reaction channels |A c (E) involved in the scattering process are
It is important that the same reaction channels define the effective Hamiltonian itself. The second term in (1) involves virtual processes going through the continuum channels; using the Cauchy principal value (PV), we can separate real and imaginary parts
given as
The imaginary part here is of factorized form containing a summation over channels that are open at a given energy. This form assures unitarity of the scattering matrix [4, 5] . Indeed, taking the effective Hamiltonian in the form where the imaginary part is explicitly factorized
allows us to write the S-matrix in the channel space as
which is explicitly unitary being expressed using the Hermitian K-matrix that comes from the Hermitian part of the effective Hamiltonian
In the above formalism bold symbols correspond to matrices in the channel space spanned by vectors |A c (E) for channels that are opened at a given energy. For most decays the number of channels that are opened is relatively small; cases with just one dominating decay channel are very common. Thus, mathematically, the factorized term iπ AA † is of low rank; if this term is dominating the effective Hamiltonian (5) then this would force segregation of eigenvectors into those orthogonal to channels |A c (E) and to eigenvectors that are nearly parallel to |A c (E) in the Hilbert space. The number of nearly parallel ones, those referred to as superradiant, equals to the number of open channels and these states accumulate almost all width (imaginary part) thus absorbing most of the decay strength [6, 7] .
SEARCH FOR SUPERRADIANCE IN ATOMIC NUCLEI
As mentioned earlier, most evidence for superradiance in atomic nuclei is rather indirect. The distribution of reduced decay widths of chaotic many body states, where significant deviations from the expected Porter-Thomas distribution were observed [8] , has been discussed recently as a possible manifestation of the continuum effects, see Refs [9, 10, 11] . Competition between decay collectivity and other nuclear collective modes, for example the redistribution of the dipole strength, have also been proposed as another manifestation of superradiance [12, 13] . In this work we examine several examples related to the subject of nuclear clustering, a phenomenon well established experimentally through studies of decays and cluster transfer reactions. We limit the discussion to alpha clustering, perhaps the most prevalent type of clusterization in nuclear systems. Systematics show that the effect appears to be enhanced near corresponding alpha thresholds [14, 15] ; the threshold nature of cluster states is inherently linked with the physics of 
Broad alpha clustering states in light nuclei. The data for 10 Be are taken from [16] and for 18 O from [17] continuum. In addition, many recent experiments [15, 17, 18] have demonstrated that cluster configurations remain intact despite being embedded in complex many-body dynamics. Cluster bands extend far into continuum and involve extremely broad states that do not share the alpha decay strength with the dense spectrum of other many-body states.
The survival of such states remains quite puzzling [19, 20] . Examples of such broad states experimentally known in select light nuclei are shown in Fig. 1 Rotational band in 8 Be
The 8 Be nucleus is a classic alpha clustering example. Here, the rotational band formed from two alpha particles rotating around the common center of mass (CM) emerges naturally from underlying nucleon-nucleon interactions. This has been demonstrated using a number of different microscopic approaches [21, 22, 23] . Following our recent study in Ref. [19] , we utilize here a no-core shell model approach with the JISP16 [24] microscopic interaction Hamiltonian H. First we construct wave functions for each alpha particle within the no-core shell model using a harmonic oscillator (HO) single particle basis. Then we build cluster relative motion basis channels |Φ n , which are configurations where two alpha particles are in a relative state described by a HO wave function with radial quantum number n and orbital quantum number . At the same time we keep the overall center of mass of the entire system in the HO ground state. This construction is achieved through the CM boosting technique [25] followed by a recoupling of the CM and relative coordinates, the resulting approach is translationally invariant. The use of standard configuration interaction many-body wave functions, aided by the second quantization, assures that all wave functions discussed are always superpositions of Slater determinants and thus fully antisymmetrized. The obtained functions |Φ n are subsequently used as basis for solving the scattering problem. Because of non-orthogonality, the variational approach is formulated as a generalized eigenvalue problem, which is, in this case, equivalent to the resonating group method [26] ∑ n H ( )
where
The channels are labeled by the quantum number while the index n only labels the basis.
For the results shown in Fig. 2 we perform these calculations allowing for up to 8 harmonic oscillator quanta in the relative motion; the study involves various values of oscillator frequency parameterhω, while each of the alpha particles is computed with the no-core shell model approach limited to s 4 structure, the so called N max = 0 calculations. The rotational band formed by 0 + , 2 + and 4 + emerges, and it is remarkable that this rotational band remains nearly undistorted in the full no-core shell model study of 8 Be that has no a-priori assumption about any clustering structure. In Tab. 1 the alpha decay widths for each resonant state, member of the band, is listed. Comparison of the experimental data in the first row with theoretical results shows good overall agreement, however, larger valence spaces are needed for better description of highly excited states and there is clearly an optimal choice ofhω where alpha particle is most accurately described by the s 4 configuration. In relation to superradiance we note that the members of this rotational band are strongly coupled to the continuum saturating nearly all alpha-alpha continuum coupling strength, commonly known as Wigner limit [27, 28] 
Here µ is the reduced mass, P is the penetrability given by the imaginary part of the outgoing form of the Coulomb wave function H (+) computed at the channel radius R for a given scattering energy defined by the wave vector k. The channel radius is somewhat arbitrary but it is relatively well established by systematics. The use of the square well width Γ SW where in (10) γ SW = 2γ W /3 is also common and uncertainty in channel radius makes these definitions equivalent in practice. Experimentally, the level of collectivity is measured by the reduced widths which are ratios of observed decay widths to the corresponding Wigner or square well limits. These reduced widths can be compared with spectroscopic factors S , defined here as the squares of overlaps of RGM solutions with the eigenstates of 8 Be. The spectroscopic factors are shown in the last three columns of Tab. 1. The values of spectroscopic factors and reduced widths being close to unity suggest that these states in 8 Be are superradiant and nearly identical in their structure to resonance scattering states of two alpha particles. 
Rotational bands in 10 Be
Recent experiments [29, 30, 17] show that broad alpha-decaying states saturating the continuum coupling strength survive even in non self-conjugate (N = Z) nuclei such as 10 Be and 18 O, where extra valence nucleons make manybody dynamics extremely complex and permit multiple other open channels.
Let us consider the 10 Be nucleus, see Refs [31, 32, 30, 16] . Tab. 2 summarizes experimental information [33, 34, 30, 35, 16] and several theoretical calculations. The table is organized based on the theoretical results that follow the shell model calculations, Ref. [32] . It includes energies and alpha decay widths of select resonances in 10 Be, both experimentally observed and theoretically predicted, as well as theoretical spectroscopic factors S (s) from structural calculations [11, 36] , and the dynamic ones S [19] . To clarify, the table features two different theoretical approaches, the energies listed as well as the structural spectroscopic factors follow the shell model calculation that uses an effective Hamiltonian [37] with a closed 4 He core. The structural spectroscopic factors correspond to total decay strength into ortho-normalized channels. The dynamic spectroscopic factors are obtained from the same Hamiltonian using the RGM approach discussed above. Detailed discussion of various strategies and approximations as well as relations to algebraic techniques used for clustering can be found in the series of papers [11, 36, 19] . The spectroscopic factors are compared with observed reduced widths θ 2 α = Γ α /Γ SW . Both theoretical strategies are consistent and highlight the robust survival of the broad states. We stress that there are many narrow states, some of them but not all, are included in Tab. 2.
In order to strengthen these arguments further, in Tab. 3 we show spectroscopic amplitudes for the states in the ground state rotational band of 10 Be computed using different versions of no-core shell model calculations with varying truncation of basis by the maximum number of quanta N max . The calculations were done using the N3LO effective interaction softened with a parameter λ = 1.5 f m −1 and an oscillator frequencyhω = 20MeV. The 10 Be wave function was also obtained in an N max = 4 space. Consistency in observed overlaps and their large magnitude implies that the phenomenon is quite stable and cluster structure emerges already in a relatively small valence space. The 20 Ne nucleus is known to be strongly clustered. In Tab. 4 and in Fig. 3 we summarize some recent interesting results related to clustering in 20 Ne, see Ref. [18] . The ground state rotational band is well reproduced in theoretical calculations using an sd model space, Ref. [38] . The resulting alpha (structural) spectroscopic factors range from 0.75 20 Ne confirm these high spectroscopic factors. The sd model space describes well another rotational band that is based on the 6.73 MeV 0 + state. This band is less clustered although spectroscopic factors are still relatively large. Another rotational band that is based on the 7.19 0 + state is not clustered, it only appears if one considers an expanded p − sd valence space; we use Hamiltonian from Ref. [37] . As seen from Fig. 3 the agreement between theory and experiment for these three bands is very good. However, recent studies [18] show the existence of a superradiant cluster rotational band that includes two broad resonances around 9 MeV of excitation (shown in red in Fig. 3) . These broad resonances cannot be described by the two theoretical approaches discussed here, nor they can be described by several more extended approaches addressed in Ref. [18] . Their broad nature suggests a superradiance mechanism and collectivization that is difficult to capture with the traditional shell model that does not include continuum. Similar, unaccounted by theory broad alpha clustering states have been observed in 18 O, see Ref. [17] . Let us next discuss the 21 Ne nucleus. This system can be seen as an α + 16 O structure with an extra neutron. We first consider non-interacting channels coupling α + 16 O with angular momenta L = 0, 2, 4, 6, 8 to a neutron on d 5/2 orbit. Being limited by the sd model space these purely geometric constructions are unique. The expectation values of the model Hamiltonian [40] for these basis channels are shown as a spectrum in Fig. 4 . It is worth noting that the basis channel where α + 16 O in L = 2 is coupled with d 5/2 giving the total angular momentum 3/2 has the lowest Hamiltonian expectation value and the same quantum numbers as the true ground state of 21 Ne.
Moving on to the generalized eigenvalue problem (8) we allow these non-orthogonal basis channels to mix. Here the total angular momentum J and parity which is always positive are the only conserved quantum numbers; the three-body nature of the problem permits mixing of the relative angular momenta L for α + 16 O subsystem. The resulting spectrum from (8) using the USDB effective interaction [40] is shown in the second column in Fig. 4 . Finally these results are compared with the full configuration interaction solution and with experiment shown in the last two columns, respectively.
In most cases, including the ground state, the cluster structure of 20 Ne appears to be unperturbed by an addition of an extra neutron. The first excited J π = 5/2 + state, however, is a notable exception, it is a mixed state combining L = 0 and L = 4 α + 16 O channels. The mixing of the two configurations leads to significant, 0.8 MeV, lowering in the energy of the first 5/2 + state. As a result, the second excited 5/2 + state, which also contains contributions from both L = 0 and L = 4 components, is pushed up to about 4.5 MeV. Interestingly, the 5/2 + basis channel with L = 2 remains nearly pure even in the full shell model treatment. Overall, this examination demonstrates that the states obtained in the full many-body shell model treatment remain remarkably close to those geometrically constructed cluster configurations. The corresponding squared overlaps of eigenstates and geometrically constructed channel wave functions are typically in the range between 0.50 and 0.70. This prevalence of the cluster structure must be related to segregation of alpha decay strength observed in multiple experiments; in this example it emerges from the Hamiltonian which is determined phenomenologically [40] . 
Superradiance in 13 C and α clustering
We conclude this presentation with a final example of the 13 C nucleus. This nucleus is interesting as it has two J π = 3/2 + states in close proximity, at 7.686 MeV and 8.2 MeV respectively. Both of these states are above the neutron separation energy and thus interact via coupling to a common neutron channel. The neutron transfer cross section from the 12 C(d,p) 13 C reactions [41] clearly shows the two resonances with drastically different widths of 70 keV and 1.1 MeV respectively. Shell model calculations, for example using the same p − sd model Hamiltonian [37] , roughly reproduce the energy of these states but predict nearly the same width for both. The experimental data and theoretical results concerning these two states are summarized in Tab. 5. The difference in the observed decay width by nearly 2 orders of magnitude and inability of the traditional shell model to describe this suggest superradiant behavior driven by strong continuum coupling. This situation is similar to a two-level model discussed in Ref. [42] . Furthermore, out of the two states, only one is seen in the alpha transfer experiment [43] thus raising a question whether the α transfer strength is also affected by the superradiant restructuring due to neutron continuum interaction.
We investigate this using the p − sd valence space with interaction Hamiltonian from Ref. [37] , we use J = 3/2 + eigenstates of the traditional shell model Hamiltonian as basis for continuum treatment. Then the Hermitian part of the effective Hamiltonian is diagonal and non-diagonal part emerges from non-Hermitian components describing mixing through continuum. We use Eq. (10) to define the continuum coupling where overall strength, which is equivalent to the radius parameter, is set so that the total experimental summed strength for the two J π = 3/2 + is reproduced.
The results of this Continuum Shell Model study are shown in Tab. 5. For the neutron width, fifth column, we indeed see a strong redistribution of widths which brings them to an agreement with experiment. There are changes to the alpha spectroscopic factors from this restructuring, the alpha strength is redistributed favoring the narrow state which appears to be consistent with observations [43] .
CONCLUSIONS
In this work we present a brief survey covering recent progress and open questions related to the physics of alpha clustering and coupling to continuum. There is strong experimental evidence that alpha clustering is a near threshold phenomenon, suggesting that continuum physics plays an important role. The observation of broad alpha clustering states and the survival of cluster rotational bands in the continuum, see Fig. 1 , is of interest. Big advances in the theoretical description of clustering have been made and in a number of situations the clustering and reaction physics can be explained very well from fundamental principles. However, there are still unexplained features and questions that remain.
